Theoretical developments in the field of Lagrangian turbulence are made difficult by the fact that equations governing the evolution of lagrangian flows are implicit contrary to eulerian flows. In this article, an exact explicit equation for incompressible lagrangian fluid flows at high-Reynolds number is constructed. The method to arrive at the equation of motion and the proof that it describes the motion of an incompressible fluid are provided. A truncated version of this new equation is used to show how the lagrangian turbulent spectrum (E lag (ω)) could be inferred. This exercise showed a complex interrelation between the stirring force field and the flow itself in the lagrangian turbulence framework whereas the stirring is not affected by the flow in the eulerian point of view. The result is that E lag (ω) ∝ ε ω −2 seems independent upon the way the fluid is stirred in the inertial range for a given dissipated power ε. It also showed that E lag (ω) ∼ ω −s with 0 ≤ s ≤ 1/2 (depending on the stirring) at low-ω and ∼ ω −4 in the viscous range at high-ω.
Theoretical developments in the field of Lagrangian turbulence are made difficult by the fact that equations governing the evolution of lagrangian flows are implicit contrary to eulerian flows. In this article, an exact explicit equation for incompressible lagrangian fluid flows at high-Reynolds number is constructed. The method to arrive at the equation of motion and the proof that it describes the motion of an incompressible fluid are provided. A truncated version of this new equation is used to show how the lagrangian turbulent spectrum (E lag (ω)) could be inferred. This exercise showed a complex interrelation between the stirring force field and the flow itself in the lagrangian turbulence framework whereas the stirring is not affected by the flow in the eulerian point of view. The result is that E lag (ω) ∝ ε ω −2 seems independent upon the way the fluid is stirred in the inertial range for a given dissipated power ε. It also showed that E lag (ω) ∼ ω −s with 0 ≤ s ≤ 1/2 (depending on the stirring) at low-ω and ∼ ω −4 in the viscous range at high-ω.
Kolmogorov [1, 2] and Obukhov [3] predicted the eulerian spectrum for homogeneous and isotropic turbulence, E eul (k) ∝ ε 2/3 k −5/3 , from two insightful hypothesis of similarity and elementary dimensional analysis. The first serious attempts to understand this result, also considered by many as the birth of modern statistical theory of turbulence, is due to Kraichnan [4] with its direct-interaction-approximation, along with lagrangian improvement [5] , and Wyld's [6] field theoretic techniques at the turn of the sixties. Since then, theoretical eulerian turbulence has developed through the years using renormalized perturbation theory [7] , renormalization groups [8] , lagrangian renormalized approximation [9, 10] , diagrammatic techniques [11] , and other mathematical tools borrowed from statistical or quantum field theory such as instanton [12] , operator product expansion [13] , Feynman's path integrals [14] and more.
Along the same line of reasoning, the lagrangian turbulent spectrum was predicted to be E lag (ω) ∝ ε ω −2 by Kolmogorov [1, 2] . Much less theoretical developments have been devoted to its understanding [15] [16] [17] whereas, at the opposite, experimental techniques, such as optical tracer-particle tracking [18] or ultrasonic Doppler tracking [19] , have strongly improved. Direct numerical simulations, also, have progressed [20] [21] [22] rapidly during the last decade. Reasons why the theoretical understanding of eulerian turbulence is more advanced than lagrangian turbulence are, in a large part, to be found in the complexity of the equations involved. The eulerian equation of incompressible viscous fluid motion (Navier-Stokes equation) is a non-linear integrodifferential equation which is explicit with respect to the velocity field v(x, t). In contrast, the lagrangian velocity field ∂ t X(x, t), where X(x, t) is the position of the fluid particle at time t that originates from x at t = 0, can either be found as a solution of the implicit equation ∂ t X(x, t) = v(X(x, t), t), which requires the knowledge of the eulerian velocity field v, or as a solution of an even more non-linear integro-differential equation [23] .
It is the purpose of the first part of this paper to derive an equation of lagrangian incompressible fluid motion that is explicit in the field. The method relies on a least action principle using a penalization technique that ensure the incompressibility condition and the explicitness of the equation. In the second part of this paper, the lagrangian turbulent spectrum is analytically derived from a simplified version of this new equation of lagrangian fluid flow to illuminate its predictive potential.
In the eulerian viewpoint, ∂ i v i = 0 only states that the rate of change of the volume of fluid particles is zero. The lagrangian framework is more flexible. Indeed, either (i) the rate of change of the volume of fluid particles is zero, since ∂ i v i = ∂ t (ln [det(∂X)]) = 0, or (ii) the volume of fluid particles is constant, since det(∂X) = 1 (initially ∂ i X j (x, 0) = δ ij ). That last constraint can be integrated into a least action Lagrangian density
where X is replaced by the deviation field ξ such that X(x, t) = x + ξ(x, t). The first term in the rhs of (1) is kinetic energy. The second term is constraint (ii) incorporated using the penalty method (encountered in applied mathematics [24] or as a gauge fixing mechanism in quantum field theory [25] for instance). It involves a constant c, with dimension of velocity that needs to be pushed to infinity to enforce the incompressibility constraint. The integer n is the dimensionality of space. The minus sign in front of c 2 in the Lagrangian density was chosen so that the derived Hamiltonian density,
is identically positive. Its space integral over the entire domain is a constant as time goes by thanks to Noether's theorem (invariance of the formal expression of L with respect to time) and then
where
One would like to show that when one takes the limit c = +∞, one enforces the incompressibility condition det n (δ + ∂ξ) = 1 everywhere and at all time. To do so, one need to show that K(c)/c 2 goes to 0 as c approaches +∞.
The most straightforward way is to calculate K(c) using (3) at t = 0 since it holds for all time. The closed form of the determinant in eq. (1) is needed and is provided here for space dimension n =3:
, (4) with linear, quadratic and cubic terms. The expression for n =2 is made of the linear and quadratic terms and for n =1 it is made of the linear term only (it is for this formal property that we use the deviation field ξ instead of the coordinate field X). Therefore, the free Lagrangian, quadratic in the field (that will produce the linear part of 
where δL int /δξ i is a sum of non-linear terms of the form c 2 ∂(∂ξ · · · ∂ξ) up to third order if n =2 and up to fifth order if n =3 (by inspection of eq. (4)). In order to constraint the initial conditions for c < +∞ it should first be noticed that the limit initial conditions are ξ i (x, t = 0, c = +∞) = 0, ∂ j ξ i (x, t = 0, c = +∞) = 0 and ∂ t ξ i (x, t = 0, c = +∞) = v i (x). Indeed, this means that as c approaches +∞, the ξ's and their space derivatives should tend to zero. Then, for c large enough and around t = 0, one can conclude that the non-linear terms in the equation of motion are negligible and that the equation of motion is reduced to ∂ 2 t ξ i = c 2 ∂ i (∂ j ξ j ) which should, in turn, be equal to −∂ i p, where p is the initial pressure field, in order to be compatible with the Euler equation at t = 0. If we were to take the divergence
This is the reason why this divergence should in fact be
This is in agreement with the limit initial conditions and enough to calculate 
2 , the incompressible constraint is enforced as c goes to infinity. This is the reason why, equation (5), in the limit c = +∞, is as good an equation as Euler equation to describe a free incompressible inviscid flow (from the lagrangian point of view). Now, in order to study turbulence, two crucial ingredients need to be added: viscosity and stirring. The actual newtonian viscosity term, although linear in the eulerian picture (ν ∆v i ), is strongly non linear in the lagrangian framework. This is not an issue when concerned with high Reynolds flows since the precise mechanism of dissipation is not important (since ν → 0). It is the existence of such mechanism (ν = 0) that is crucial to the phenomenology of turbulence (time-reversal symmetry breaking). For simplicity reasons, a term with the same formal expression (ν ∆∂ t ξ i ) is included in equation (5) . It is equivalent to the NS term for small deviation (ξ) and will dissipate the injected energy at small scales as will be described later. The incompressibility constraint is still enforced in the limit c = +∞ since the viscous term invariably decreases K(c) defined in (3) .
A forcing field, f i (x, t), should also be added to equation (5) to model the effect of an outside operator stirring the fluid. This forcing is assumed to be statistically homogeneous, isotropic and stationary. The statistic is assumed to be Gaussian which, to be complete, only requires the knowledge of the second mo-
to shorten notations. The brackets . stand for the ensemble average of various realizations of f i .
The exact form of F lag is not a simple question. Indeed, in the eulerian framework, F eul is not part of the problem of turbulence for it is imposed by the stirring operator in the eulerian (laboratory) coordinate system and one is interested in how the fluid reacts to that solicitation. On the contrary, the form of F lag in the lagrangian point of view depends upon the eulerian stirring (imposed by the outside operator) but, above all, does depend on the flow itself (since the force field is transported by the flow) and, in this way, is part of the turbulent problem. But it just so happens that the turbulent flow itself does depend on the stirring. This entangled relation between the flow and the lagrangian stirring will be instrumental in getting the lagrangian turbulent spectrum into closed form.
The resulting equation of a lagrangian forced incompressible, high Reynolds fluid flow is given by
with c → ∞ and ν → 0, and is explicit in the field ξ.
In the second part of this article, the consequences of a truncated version of (7), where the interaction term is cast away, is investigated in the realm of lagrangian turbulence. The equation so obtained, although linear in the deviation field,
enables to grasp the potential of the full equation (7), as complex as it may seem. It must be noticed that the linear term ∂ 2 t ξ i in the lagrangian view point is equivalent to the non linear term ∂ t v i +v j ∂ j v i in the eulerian framework. Therefore, equation (8) contains all the fundamental ingredient for turbulence: non linearity, non locality, vanishingly small but non zero viscosity and stirring.
In what follows, we do not derive the turbulent spectrum of (7) but rather the turbulent spectrum of (8) . In diagrammatic terms [11] , it amounts to saying that we are searching for the statistical properties of a turbulent flow at tree level. This is already enough to be in qualitatively good agreement with experiments and numerical simulations.
The Green function, or propagator, of (8) can easily be solved in the Fourier space. It is defined in such a way that ξ i (k) = G ij (k) f j (k) and is solution of
In closed form, it can be expanded in powers of 1/c 2 as
where P ij (k) = δ ij −k i k j /k 2 is the projection tensor. The finite part, that does not depend on c, is solenoidal (in factor of P ij ) and the longitudinal component, in factor of k i k j , is of order 1/c 2 (and smaller). This last part is unimportant at the diagrammatic tree level (that we will be considering in this article) but it contributes to higher order loop diagrams when non-linearities are taken into account (in future developments).
As long as the flow is statistically homogeneous and stationary, any physical quantity A and B verify A(k 1 ) B(k 2 ) = F AB (k 1 ) δ(k 1 +k 2 ) and then A(x, t) B(x, t + τ ) = d
nk F AB (k) e i ω τ where
The lagrangian turbulent energy spectrum is defined by F uu = E lag where u = v(X(x, t)) is the lagrangian velocity field. The lagrangian power injected spectrum is defined by F uf = Π where f is the lagrangian stirring force field. They verify
The mean square value of the flow velocity u 2 rms and the power injected in the flow (that equals the dissipation ε for n > 2 in the stationary regime) are measurable quantities and are respectively u 2 rms = k n−1 E lag (k, ω) dk dω and ε = k n−1 Π(k, ω) dk dω. Both spectrum can be calculated using the fact that the Fourier transform of the displacement, in eq. (9), when c goes to +∞, is simply
This result can then be injected in (10) and (11) and it is found that
In order to generate developed turbulence, it is customary to inject mechanical power from a space-correlated and time-uncorrelated stirring force field at a given wave number k inj in the eulerian coordinate system:
In the lagrangian coordinate system, space and timecorrelation need to be discussed. The time correlation is assumed to be exponentially decreasing, e −|t|/τ which turns into 1/(ω 2 + Ω 2 ) in Fourier space, with a time constant τ = 2π/Ω to be determined later by the theory (uncorrelated would correspond to τ = 0). The formal expression of space correlation in lagrangian coordinate should not depend on its formal expression in eulerian coordinate after few turn-over times. Indeed, any F eul (k) provides possible realizations of the force field f eul i (x, t) in the eulerian coordinate. At a given time t, the corresponding lagrangian force field is f lag i (x, t) = f eul i (X(x, t), t). It is the exact same function where space coordinates have been randomly scrambled by the flow. The density spectrum of such a field is a white noise. But, because
k is finite, so must be the extension of the white noise in Fourier space. That is the reason why, the space power spectrum of the lagrangian stirring force field is Θ(η f −k) where Θ is the Heaviside function (Θ(x) = 1 if x > 0 and 0 otherwise) and η f is a cut-off wave number that will also be determined later by the theory. In a nutshell,
where we have assumed a general power law dependence (k ) up to a certain scale η f in order to show that the lagrangian turbulent spectrum in the inertial range is independent of even though it is expected that = 0 (from the discussion above), In the end,
The exact integration over ω gives
Now for the integration over k we need to distinguish the dimensionality of space. The measure of integration in n dimension being γ(n) k n−1 dk, the result is u
as long as n+ > 2, where g p (x) = The ratio of eqs. (20) and (21), where F 0 cancels out, allows for the determination of η f . As long as n+ >2, if ε, u rms and Ω are fixed, it is clear from the resulting equation that νη 2 f = ω L is a constant which means that η f (∝ ν −1/2 ) increases indefinitely as ν approaches zero. This is why, if Ω is large enough (Ω u 2 rms /ε), the gfunctions, in eqs. (20) and (21), can be approximated by their Taylor expansion around x=0, that is to say g p (x) ≈ x p+1 /2(p + 1) and it is found that
In order to calculate E lag (ω), eq.(16) needs to be integrated over k. If n+ >2, it does not depend upon large scales (η L ) as ν approaches zero. In this limit,
The lagrangian spectrum is plotted in Fig.(1) for the two extreme values = 0 (which is expected) and = +∞. When integrated over ω (from 0 to +∞; this is important in order to reproduce the factor 2 in front) it gives precisely u 2 rms . It is to be noticed that the spectrum does not depend upon ν. This is important from a theoretical standpoint because the viscosity ν, used in our development, is not the physical Newtonian viscosity but was tailored to mimic the viscous anomaly (high Reynolds NS flows, in the limit ν → 0, do not behave as Euler flows where ν = 0) and was meant to be brought to zero at the end of calculations. In three dimensions, n = 3, the blue curve is the expected spectrum E lag (ω), eq.(24), for = 0. The gray shaded area corresponds to the variability of the spectrum as is varied up to +∞ where the spectrum turns into the red curve.
When u 2 rms /ε ω Ω, the h-function in eq. (24) can be Taylor expanded (h p (x) ≈ 1 when x 1) and the resulting lagrangian turbulent kinetic energy is
which is the lagrangian turbulent spectrum derived in the literature from dimensional analysis. The analytical derivation provided here produced C theo K = 2/π which is approximately 0.64. It is important to notice that eq. (25) is not only independent of ν but it is also independent of the dimensionality n and of the stirring spectrum power as long as n+ >2. Since = 0 is expected (lagrangian stirring), it means that this result is valid in three dimensions but not in two dimensions. This is not surprising because a large scale dissipation [26] , such as a linear friction term (−α v), must be added to the NS equation in order to sink the inverse energy cascade when n = 2.
Up until now, Ω was a free parameter of the forcing. One has been able to show that the lagrangian inertial-range spectrum does not depend upon Ω (only its extent does). Its value can be shown to depend upon the mean squared acceleration of the flow since, calculating a 2 = ω 2 E lag (ω)dω from eq. (24), it is found that Ω = a 2 ε . This is a clear indication of the entanglement between the flow and the stirring described earlier, where the lagrangian stirring force correlation time ∝ Ω −1 depends upon the mean squared acceleration and dissipation which are physical values of the flow.
